Appropriate boundary counterterms for the gravitational action in the AdS manifold can dynamically generate boundary conditions on the conformal boundary. Such boundary conditions have been proposed for holographic renormalization in the AdS/CFT correspondence, but I consider here a purely classical problem. In particular, I consider the case where one obtains the Einstein equation on the boundary with a bulk induced energy-momentum tensor τij . I find that if τij assumes the perfect fluid form, the vaccum 'Hamiltonian' constraint yields an equation of state which closes the system and (neglecting boundary matter) simplifies to that of radiation in the low density limit.
Appropriate boundary counterterms for the gravitational action in the AdS manifold can dynamically generate boundary conditions on the conformal boundary. Such boundary conditions have been proposed for holographic renormalization in the AdS/CFT correspondence, but I consider here a purely classical problem. In particular, I consider the case where one obtains the Einstein equation on the boundary with a bulk induced energy-momentum tensor τij . I find that if τij assumes the perfect fluid form, the vaccum 'Hamiltonian' constraint yields an equation of state which closes the system and (neglecting boundary matter) simplifies to that of radiation in the low density limit.
On manifolds with boundary, variational principles typically require boundary conditions for the degrees of freedom involved. In general relativity (GR), the following action in N dimensions:
yields the vacuum Einstein equation G µν = −Λg µν with cosmological constant Λ when the induced metric γ ij is held fixed at the boundary [1, 2] . Here D := N − 1, K is the mean curvature of the boundary ∂U , and ε = +1 for timelike ∂U . Points in U and ∂U are respectively denoted x and y. For convenience, define D 1 := D − 1 and D 2 := D − 2. For the anti de Sitter (AdS) manifold, defined here as a Lorentzian manifold with the topology of AdS spacetime (the properties of which are described in [3] ), one can add a boundary term which does not require boundary conditions on the timelike conformal boundary at infinity. If the induced metric on the boundary is dynamical, one can in principle add geometric boundary terms yielding equations of motion on the boundary that determine (at least partly) the boundary conditions. Such "mixed" boundary conditions have been investigated before in the context of holographic renormalization in the AdS/CFT correspondence-see for instance [4, 5] . Here, I consider a purely classical problem, and show that one can close the system by assuming a perfect fluid form for the bulk induced energy-momentum tensor.
Consider a boundary term of the following form:
where kD is the mean curvature for the conformal boundary of AdS spacetime,κ is a constant parameter, andR is the Ricci scalar of the boundary ∂U (barred quantities are defined with respect to the boundary ∂U ). Except for the parameterκ, which is left arbitrary, Eq.
(2) has the form of the boundary counterterm for holographic renormalization up to linear order in the boundary Ricci curvature [6] (for the counterterm action,κ = 2|Λ|(D 2 ) 2 /(D D 1 )). The full variation of the action
whereḠ ij is the Einstein tensor on ∂U (lowercase Latin indices refer to the coordinate basis on the boundary) and the bulk induced energy-momentum tensor is defined:
One can find a coordinate basis on the conformal boundary of AdS spacetime in which the extrinsic curvature tensor K i j is diagonal and the diagonal elements all have the same value k := 2|Λ|/(D D 1 ); it is straightforward to check that τ ij = 0 on the boundary of AdS spacetime.
Demanding δS ′ G = 0 under variations of the metric,
where Eq. (6) is evaluated on the conformal boundary. One can verify that the AdS spacetime is indeed a solution for Eqs. (5) and (6). The action S ′ G therefore supplies a set of boundary conditions for the metric tensor on the conformal boundary of the AdS manifold; at the boundary, the induced metric and extrinsic curvature must satisfy a condition in the form of an Einstein equation on the boundary.
One may construct a more realistic model for gravity on the boundary by introducing matter degrees of freedom ϕ = ϕ(y), and subtracting from S ′ G a boundary term σ m = σ m [ϕ, γ ·· ], which is the action for the matter degrees of freedom on the boundary (to simplify the analysis, no matter degrees of freedom are added in the bulk). Eq. (6) becomes
whereT ij := −2(δσ m /δγ ij )/ √ −γ. The vacuum bulk equation Eq. (5) imposes a timelike 'Hamiltonian' constraint G µν n µ n ν = −Λ (n µ being the unit normal vector to ∂U ) which has the explicit form:
Note that the contracted Bianchi identities∇ iḠ ij = 0, combined with the (boundary) diffeomorphism invariance of σ m (which implies∇ iT ij = 0) enforce the timelike 'momentum' constraint∇ i (K ij − Kγ ij ) = 0 for a bulk vacuum (matter fields in the bulk should be treated with care, as they can generate sources in the 'momentum' constraint equation-the Bianchi identities demand absorption by the boundary matter). Eq. (4) is easily inverted to obtain K ij = τ ij + [k − τ /D 1 ]γ ij , and the trace of Eq. (7) yieldsR = −2κ(τ +T )/D 2 . Eq. (8) may then be rewritten as a constraint on τ ij :
Assuming the perfect fluid form τ · · = (−ρ, p, p, p, ...) for the energy-momentum tensor, Eq. (9) yields an expression linear in p, giving an equation of state:
Note that this equation of state depends onT . One can expand Eq. (10) to first order in ρ/k andT /k to obtain p ≈ ρ/D 1 +κT /(kD 1 D 2 −κD 1 ), recovering the equation of state for radiation whenT = 0. This construction closely resembles that of [7] and also those of braneworld models (see the reviews [8] and references contained therein), but the main difference here is that rather than being positioned at a finite distance in the bulk (in which one must consider the bulk on both sides), the surface on which the D dimensional theory is defined lies on the conformal boundary of the N dimensional AdS manifold at infinity-the bulk only exists on one side of the boundary. This construction also differs from braneworld models in two respects. First, it requires no constraint between the parameters κ,κ, and Λ (Eq. (2) also differs from the holographic renormalization counterterm in this respect), and second, it admits a form of 'dark radiation' in the appropriate limit without explicitly introducing a black hole or a mass in the bulk.
In this work, I consider a slight generalization of the boundary counterterm of holographic renormalization (to linear order in the Ricci curvature), and have examined the effect of the timelike 'Hamiltonian' constraint (9) on the dynamics of GR on the boundary of an AdS manifold for a vacuum bulk geometry. If the form of the τ ij on the conformal boundary is that of a perfect fluid, the 'Hamiltonian' constraint yields an equation of state (10), closing the system (when combined with the 'momentum' constraint), and the equation of state reduces to that of radiation to leading order in the density when T = 0 (or when k is large). This result is of particular interest in light of the recent Hubble tension [9] , as it has been suggested [10] that the Hubble tension may be relieved by including an early dark radiation component-I leave for future investigation the question of whether the boundary theory can provide the needed dark radiation component in such a scenario.
